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1. Introduction 



A knowledge of the Yukawa couplings for orbifold compactifled string theory 
models [1, 2] is an important step towards comparison of the models with observa- 
tion. Of particular importance is the exponential dependence of Yukawa couplings 
on moduli [3, 4] which can arise when all the states involved are in twisted sectors, 
because of its possible bearing on hierarchies [5]. Twisted sector Yukawa coulp- 
ing have been investigated for the Z3 orbifold [3-6], for the Z7 orbifold [7] and 
for arbitrary Z^r orbifolds [8-11]. Here, we shall extend our recent discussion [12] 
of Yukawa couplings for the Z3 x Z3 orbifold to all Coxeter Zm x Zjv orbifolds 
with the point group realized by Coxeter elements acting on a direct sum of two- 
dimensional root lattices. After completion of the present work we have received a 
preprint by Stieberger [13] which also addresses the question of Yukawa couplings 
for Zm x Zj\r orbifolds though with the emphasis on general properties such as 
modular symmetries rather than specific orbifolds on specific lattices. A possi- 
ble advantage that Zm x Zn orbifolds possess over Zn orbifolds is that they can 
more generically provide the string loop threshold corrections needed to explain 
the low energy values of the gauge coupling constants [14-18] because they are not 
so tightly constrained by duality anomaly cancellation conditions [17]. 



2. Yukawa couplings for Zm x Orbifolds. 

To specify an orbifold model it is necessary to specify both the point group and 
the lattice on which the point group acts as a symmetry. Perhaps the most elegant 
possibility [19] is that the point group acts as a Coxeter element (product of Weyl 
reflections) on a root lattice of a Lie algebra. Here, we shall study the case where 
the root lattice involved is a direct sum of three 2-dimensional root lattices. For 
the Zm x Zjv orbifolds (table 1) the factors involved are Z3, Z4, Zq and Z2. These 
discrete groups can be realised as the Coxeter elements for the S77(3), 5*0(5), G2 
and 5*0(4) root lattices, respectively [20, 19]. The Z2 group can also be realized as 
the square of the Coxeter element of the 50(5) lattice and the cube of the Coxeter 
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element on the G 2 lattice, and the Z3 group can also be realized as the square 
of the Coxeter element on the G 2 lattice. The simplest possibility (table 1 of the 
present work, and table 1 of ref. 20) is to realize Z3, Z4 and Zq as a Coxeter 
element on each of the two dimensional sub-lattices (rather than as a power of 
Coxeter element). This can be done for each of the Zm x Zjv orbifolds, except 
Z3 x Zg, by the choice of lattices in table 1, and for Z3 x Zq it can be done for 2 
of the 3 sub-lattices with Z3 realized as the square of the Coxeter element on the 
third G2 sub-lattice. These are the Zm x Zn models we shall study here. 

The action of the Coxeter element C{G) of a rank 2 Lie algebra G on the basis 
vectors e\ and e 2 of the root lattices may be taken to be 

C(SU(3)) ei = e 2 , C(SU(3))e 2 = -e\ - e 2 , (2.1) 

C(SO(5)) ei = ei + 2e 2 , C(SO(5))e 2 = -e x - e 2 , (2.2) 

C(G 2 )ei = -ei - e 2 , C(G 2 )e 2 = 3ei + 2e 2 , (2.3) 

and 

C(SO(A)) ei = - ei , C(50(4))e 2 = -e 2 (2.4) 

realizing Z3, Z4, Z@ and Z 2 , respectively. The powers of Coxeter elements CA2(S'0(5))| 
and CA3(G 2 ) realizing Z 2 have the same action as C(SO(A)), and CA2(G 2 ) real- 
izing Z3 has the action 

CA2(G 2 )ei = -2ei - e 2 , CA2(G 2 )e 2 = 3ei + e 2 . (2.5) 

The non-zero Yukawa couplings obey point group selection rules, and selection 
rules for the H-lattice momentum associated with bosonized right-moving NSR 
fermionic degrees of freedom. These selection rules have already been written 
down [20] for Zm x Zjv orbifolds. They also obey space group selection rules [3,4] 
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which may be written in the following form. Let (a, h), ((3, 12) and (7, Is) be space 
group elements associated with the a, (5 and 7 twisted sectors, where 

h = (I - a) f a + (I - a)A, (2.6) 



h = (I-P)fp + (I-0)K (2-7) 

and 

h = (I - 7 )/ 7 + (I ~ 7)A. (2.8) 

In (2.7)-(2.8), f a , fa and / 7 are fixed points or fixed tori for the a, f3 and 7 twisted 
sectors, respectively, and in each case A denotes an arbitrary lattice vector. Then, 
given that we have already satisfied the point group selection rule 

ap-f = I, (2.9) 

the full space group selection rule contains the additional condition 

h + h + k contains 0. (2.10) 

The values of the non-zero Yukawa couplings amongst the twisted sectors are deter- 
mined in detail by three-point functions involving fermionic and bosonic degrees of 
freedom. However, the crucial dependence on the deformation parameters (mod- 
uli) and the particular fixed points and fixed tori is entirely contained in (bosonic) 
twist field correlation functions [3,4] of the type 

^ = JJ A3 < a a M(zi, z^)op\i{z2, ^2)0^(^:3, £3) >= JJ A3Zj, (2.11) 
i=i i=i 

where a, [3 and 7 now label the twisted sectors and also the fixed points or fixed tori 
involved, and the index i distinguishes the twist fields associated with the complex 
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coordinates Xi, i = 1,2,3, that define the six- dimensional compact manifold. The 
correlation function 



Zi =< a a Xi(zi, zi)ap\i(z2, z 2 )cr 7 Xi(z s , z 3 ) > (2.12) 

factors [3, 4] into a quantum piece Z\i qu and a classical piece with all the de- 
pendence on the moduli and the particular fixed points and fixed tori involved 
contained in the classical piece. 

Zi = Z\i qu ^2 eX-SXi c i, (2.13) 

where the classical action is 

qv 1 [j\o fdXidXt dXtdXi\ 

SM d = - J dA2*(— — + ——). (2.14) 

Because of the string equations of motion 

dX2Xi 



dzdz 



0, (2.15) 



dXi/dz and dXi/dz are functions of z and z alone, respectively, which have to be 
chosen to respect the boundary conditions at z\, z 2 and z% implicit in the operator 
product expansions with the twist fields [3]. Let the space group elements for 
the fixed points or fixed tori involved in the Yukawa coupling be (a, h), ((3, h) and 
(7, Is), as before, with l\, l 2 and ^3 as in (2.6)-(2.8). Also let P be the least common 
denominator for the fractional twists involved so that the action of the point group 
elements a, (3 and 7 on the three complex coordinates Xi may be written in the 
form 

a : Xi -> eX2mAi/PXi, 

13: Xi^ eX2niB l /PX i , (2.16) 
7 : Xi -> eX2niCi/PXi, 
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where A{, Bi and Cj are positive integers smaller than P with 

Ai + Bi + d = (modP), (2.17) 

for consistency with the point group selection rule. When one of the Bi or 
Ci is zero, that is one of the a, (3 or 7 leaves the i-th complex plane invariant, 
then the three twist field correlation function reduces to a 2 twist field correlation 
function, which may be normalized to one. Otherwise, we need to evaluate the 
classical action using 

zi)A-(l - A i /P){z-z 2 )\-{\ - B i /P)(z-z 3 )X-(l - d/P) (2.18) 

--bi(z- z^X-Ai/Piz - z 2 )X-Bi/P(z - z 3 )X-d/P. (2.19) 

In all the cases we shall study here, only the holomorphic field dXi/dz is an 
acceptable classical solution, because dXi/dz gives a divergent contribution to the 
classical action and we must set 

h = 0. (2.20) 

The constants may be evaluated by the use of global monodromy conditions [3] 
where we integrate around a closed contour Ci such that X; is shifted by V{ but 
not rotated. Thus, 

/ , dXi , 
jdz-^=v i) (2.21) 

where we have dropped the contribution of dXi/dz as just discussed. If, for exam- 
ple, we choose Ci to go Bi times around z\ counter-clockwise and Ai times around 
Z2 clockwise, with the choice (allowed by SL(2,C) symmetry) 

Zl = 0, z 2 = 1, z 3 = 00, (2.22) 

then Xi is not rotated. Multiplying together the relevant space group elements, 
(a, li)XBi([3X—l, h)XAi we find the shift in i-th complex plane to be the projection 



dXj 

dz 

and 



= di(z- 



dXi 



dz 
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into this plane of 

Wi = (l-a\B i )(f a -f f) + A), (2.23) 

where A is an arbitrary lattice vector. In the first instance, (2.23) is in the lattice 
basis for the Coxeter orbifold. If we transform to the orthonormal basis in which 
the action of a, f3 and 7 is given by (2.16), then V{ is the component of Wi in the 
i-th complex direction, e.g. for X\ the shift v\ is the component of W\ in the 1 +i2 
direction, where 1 and 2 denote the orthonormal basis. The global monodromy 
condition may be evaluated with the aid of the integral 

fdzz\-(l - A lV ){z - 1)A-(1 - B iV ) = -2isin(A^7ry) S^^^ (2.24) 
with the result 

a jd r(^ i )r(^) 

2^sin(^-^)-| jjl(- Zoo )\-(i-C i /P)=v i (2.25) 

r(^ + ^) 

which determines aj. The contribution to the classical action may now be obtained 
by using Appendix A of [21], with the result 

SdXi = |,|A2 MfjMf)^ 
47rsmA2(— — ) S m(^ 

Exactly similar expressions may be written down when the contour is chosen 
instead to encircle the pair of twist fields associated with (a,l\) and (7,^3), or 
the pair of twist fields associated with (P,h) and (7,^3). In general, to obtain 
consistency between these different global monodromy conditions it is necessary in 
(2.13) to restrict the sum over the initially arbitrary lattice vectors arising in V{ in 
a way which depends on the fixed tori involved. This problem has been solved for 
the case of Zn orbifolds in appendix B of the last reference of [11], and this same 
result can be applied here provided we restrict attention to one particular complex 
coordinate Xi at a time. 
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In general, after general GSO projections inclusive of Wilson lines [22, 2] the 
surviving physical states are eigenstates of the two point group elements 9 and 
iv generating the Zm x Zjv point group. In the construction of these 9 and iv 
eigenstates account must be taken of the fact that fixed points (or tori) are not 
always left invariant [23, 9] by the action of 9 or iv. If m and n are the least integers 
such that for the fixed point (or torus) f k i of 9\ku\l, 

OXmfu ~ f kl (2.27) 

and 

u\nf kl ~ f kh (2.28) 

where ~ signifies up to a lattice vector, then the 9 and iv eigenstate combinations 
of fixed points \p, q > are of the form 

\p, q >= Am — 1 An — leA— i2npr/me\— i2irqs/n\9\riv\sf k i >, p = 0, .., m—1 q — 0, .., n— 1, 

(2.29) 

which are simultaneous eigenstates of 9 and u with eigenvalues e\i2np/m and 
e\i2nq/n, respectively. 

Then, the Yukawa couplings for physical states are obtained as combinations 
of terms for definite fixed tori, subject to the space group selection rules. 
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3. The Z 2 x Z 6 orbifold 



In this section, we shall illustrate the calculations and results by considering 
the case of the Z 2 x Zq Coxeter orbifold on the 5*0(4) x G 2 X2 lattice as in table 1. 
The corresponding results for the other Zm x Zjv orbifolds are given in summary 
in the appendices. In the orthonormal basis, the action of the generators 9 and u> 
of the point group on the complex string degrees of freedom JQ, i — 1,2, 3, is 

ex 1 = -x 1 , ex 2 = x 2 , 9x 3 = -x 3 , (3.1) 

and 

cuXi = X h ujX 2 = e\27ri/6X 2 , ojX 3 = e\-2ni/6X 3 . (3.2) 

On the other hand, for this Coxeter orbifold, the action of 9 and oo on the lattice 
basis is given by 

9 = (C(SO(A)),I,CX-3(G 2 )) (3.3) 



and 



u = (I,C(G 2 ),CX-l(G 2 )), (3.4) 



where C(H) is the Coxeter element for the Lie algebra of H. Explicitly, using (2.3) 
and (2.4), the action on the 6 basis vectors ei,...,e6 for the lattice basis is 



9e\ = -ei, 9e 3 = e 3) 9e 5 = -e 5 , 

9e 2 = —e 2 9e4 = 9e§ = —e§ 

and 

uje\ = ei, ue 3 = -e 3 - e^, uje$ = 2e$ + e 6 , 

oo e 2 = e 2 ue4 = 3e 3 + 2e4 ujcq = — 3es — e§. 



(3.5) 



(3.6) 



More generally, the original rigid lattice may be deformed in ways which preserve 
the action (3.5) and (3.6) of the point group. To obtain the most general choice of 
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lattice compatible with the point group we must require that all the scalar products 
ei.ej are preserved by the transformations (3.5) and (3.6). If we write 



we find that 



Ci-Cj — |ej||ej| cos 9ij, % ^ j, 

1 64 1 = V3\es\ = V3R3, 
|e 6 | = V3\e$\ = V3R5, 



(3.7) 

(3.8) 
(3.9) 



and 

cos 6*34 = cos 6*56 = — — , (3.10) 
with all other cos 6 \j zero except cos #12, and 

|ei|=i?i, (3.11) 

\e 2 \=Ri, (3.12) 

and cos ^12 undetermined. Thus we may take 5 independent deformations of the 
lattice compatible with the point group to be R\, R2, R3, R5 and cos #12. These 
are the deformation parameters or moduli. The fixed points and fixed tori for the 
twisted sectors are readily obtained using the action (3.5) and (3.6) of the gener- 
ators of the point group on the (deformed) lattice. These are presented in table 
2, for the twisted sectors containing massless states together with the associated 
space group elements. The space group selection rules for the various Yukawa cou- 
plings amongst twisted sectors are then easily obtained from (2.10). All Yukawa 
couplings consistent with the point group selection rule and H-momentum conser- 
vation rule for the bosonized NSR fermion right movers have already been listed 
in [20]. As already discussed in section 2, the physical states surviving general- 
ized GSO projections are 9 and ui eigenstates, which particular eigenstates survive 
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depending on the details of the point group embeddings and Wilson lines in a 
particular model. The and uj eigenstate combinations of fixed points (or tori) 
may be obtained from the action of and u on the fixed tori given in table 3. An 
ortho normal basis ei,...,ee in which X\, X 2 and X3 are the components of the 
string degrees of freedom in the 1 + i2, 2 + i3 and 5 + iQ directions, respectively, is 
obtained by comparing (3.1) and (3.2) with (3.5) and (3.6), and using (3.8)-(3.10) 
when ensuring the orthonormality of the basis. A suitable choice is related to the 
lattice basis by 



e\ = Riei, 



es = Rses, e 5 = R 5 e 5 , 



3 _ \/3 ~ 3 ~ \/3 

e 2 = i?2(cos0i2ei + sin^i 2 e2), e4 = -Rs(-e3 + —e^), e 6 = -R 5 (-e 5 + —e 6 ) 

(3.13) 

The moduli and fixed point (or tori) dependence of the non-zero Yukawa cou- 
plings for twisted sectors containing massless states may now be calculated using 
the approach described in section 2. Four types of contribution to the Yukawa 
coupling arise for the Z2 x Zg orbifold and also for the Z3 x Zg, Z 2 x Z 6 and 
Zg x Zg orbifolds. First, if Zi of (2.12) reduces to a two point function because 
the i-th complex plane is unrotated in one of the three twisted sectors then we 
may normalize Z{ to I. On the other hand, if all the three twist fields in (2.12) 
are non-trivial then the contribution to SXi c i takes one of three forms. When all 
three twists are e\2m/3, then 



R\22i-i 
bM d = -=- 

8ttV3 



(2m 2i -i - 2n 2i -i + Sk 2i -i + 6A; 2 ;)A2 + 3A; 2 i-iA2] (3.14) 



where % — 1, 2 or 3, the arbitrary integers kn~\ and k 2 i derive from the freedom 
in the choice of the space group elements associated with particular fixed tori, and 
the integers m 2 i-i and n 2 i-\ characterize any two of the fixed tori involved. The 
leading contribution to the Yukawa coupling in (2.13) is obtained by minimizing 
S\i c i by varying the arbitrary integers k 2 \-\ and k 2 {. In the case of (3.14), the 
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minimum value of S\i c i is given by 

(SciXi) =0, 77i2»-i - n 2 i-i = 

V / min 



2R 2i - 1 X2 ( 3 - 15 ) 
rri2i-i - n 2 i-i = ±1, ±2. 



AnV3 ' 

The corresponding moduli dependent suppression factor in the Yukawa coupling is 
exp (-SXici)min- 

For one twist of eXAiri/3 and two twists of eA27ri/6, 
RX2 2 i-i 



SXi 



cl 



(2n 2i _i + 3fc 2i -i + Gk 2i )X2 + 3k 2l ^X2 (3.16) 



where n 2 i-\ characterizes the fixed torus in the sector where the twist on X{ is 
eX4ni/3. In this case, the minimum value of SXi a is given by 



(SciXi) =0, n 2i -i = 

V / min 



Finally, for twists of eX2ni/6, eX2ni/3 and — 1, 
RX2 2 i_i 



n 2i -i = ±1. 



SXi r i = -=r 

167TV/3 



(2n2i-i+3p2i+6/c2j)^ 2 +3(2n2i-i+3p2i-2p2i-i+6A;2i+4/i;2i-i)A2j , 

(3.18) 

where n 2 i-i characterizes the fixed torus in the sector where the twist on is 
eX2m/3, and p 2 i-i and p 2 i characterize the fixed torus in the sector where the 
twist is — 1. In this case, the minimum value of SXi c i is given by 



I 



[SciXi) =0, n 2i -i = p2i-i = P2i = 

V / min 





//(/I) 

3 ^-iA2 

n 2 i_i = 0, p 2 i-i,p 2 i not both zero 



4tT"\/3 ' 

4R 2 ,-iA2 
4ttV3 ' 



™2i-l = ±1, P2i-1 =P2i = 

n 2i -i = ±1, p 2 i-\,p 2 i not both zero. 



(3.19) 



4ttV3 

The suppression factors for the non-zero Yukawa couplings amongst the twisted 
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sectors of the Z2 x Z§ orbifold are tabulated in table 4. Corresponding results for 
the other Zm x Zj\r orbifolds are given in the appendix. For the Z2 x Z4 and 
Z4 x Z4 orbifolds, the only non-trivial suppression factor arises when the twists on 
Xi are eX2m/A, eX2iri/A and -1. Then, 



. R\2 2 i-\ 

SXld = 



(2n 2i + 2p 2l -i - p 2i + 4fc 2i -i + 2k 2l )X2 + (p 2i - 2k 2i )X2^ , (3.20) 



where n 2 i characterizes the fixed torus in one of the sectors where the twist on Xi 
is eA27ri/4 and p 2 i-i and pn characterize the fixed torus in the sector where the 
twist is —1. In this case, the minimum value of SXi c \ is given by 

S c lXl = 3 , P2i = 1 

/ mm o7T 

=0, p 2i = 0, n 2i + pa-i = (mod 2) (3.21) 
R2i~i\2 



4:71 



P2i = 0, n 2i +p 2i -i = 1 (mod 2). 



For all cases other than the Z 2 x Z4 and Z4 x Z4 orbifolds, the suppression factors 
are written in the form e\— (X 2 i-iR 2 i-\X2 / Any/S) : and for the Z 2 x Z4 and Z4 x Z4 
orbifolds in the form eA— (A2i-ii?2i-iA2/167r). The suppression factors arising from 
(3.19) are summarized by 

Xi = n(n 2 i-i,p 2i -i,p 2 i), (3.22) 

where 

fJ>(ri2i-i,P2i-iP2i) =0, n 2i ~i = p 2i ~i =p 2 i = 

=3, n 2i -\ = 0, p 2 i~i,p 2 i not both zero 
=4, n 2i -i = ±1, p 2i -i =p 2i = 
=1, n 2 i-\ = ±1, p 2 i-\,p 2 i not both zero, 



(3.23) 



where n 2 i-\ characterizes the fixed torus in the sector where the twist on Xi is 
eX2ni/3, and p 2 i-i and p 2 i characterize the fixed torus in the sector where the 
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twist is —1. The suppression factors arising from (3.21) are summarized by 



Aj = p(n 2 i,P2i-i,P2i), 



(3.24) 



where 



p(ri2i,P2i-i,P2i) =2, 



P2i = 1 



P2i = 0, n 2 i + p 2 i-\ = (mod 2) 
P2i = 0, n 2 i +P2i-\ = 1 (mod 2). 



(3.25) 



The overall moduli and fixed tori independent normalization is easily obtained 
from the formula derived for Z n orbifolds in terms of twists in the two-dimensional 
subspaces [11] which also applies here. 



The moduli dependence of the Yukawa couplings amongst twisted sectors has 
been investigated for all Zm x Zjv orbifolds with the point group realized in the 
simplest way by Coxeter elements acting on a direct sum of two-dimensional root 
lattices. All Yukawa couplings have a moduli dependence of the general form 
(3.14), (3.16), (3.18) or (3.20). A tabulation has been made of the moduli depen- 
dent suppression factors for all the non-zero Yukawa couplings. For any definite 
model, with specified point group embeddings and Wilson lines, the results of this 
paper may be employed to study suppression factors in the quark and lepton mass 
matrices. 
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Table Captions 

Table 1: Point group elements and lattices for Zm x Zjv orbifolds. The point 
group elements 9 and u which are of the form (e\2irir)i,e\27rir)2,e\2irir)3), are 
specified in the table by (771,772,773). 

Table 2: Fixed points (and tori) for the Z2 x Zq orbifold and associated space 
group elements. The inequivalent fixed points (or tori) are obtained by giving 
integers n with half integral coefficients the values 0, 1 and integers n with third 
integral coefficients the values 0, ±1. The coefficients a\, clq are arbitrary, and for 
the space group elements (a, I) the lattice vector (I — a) A, where A is an arbitrary 
lattice vector, may be added to I. 

Table 3: Action of 9 and u> on the fixed tori for the Z2 x Zq orbifold. 

Table 4: Suppression factors eA-Ai J RiA2/47rv / 3eA-A3i?3A2/47rv / 3eA-A 5 i?5A2/47rv / 3| 
for the Z2 x Zq orbifold Yukawa couplings. The values of the integers characterizing 
fixed points (or tori) for which non-trivial suppression factors occur are indicated. 
The 9\auj\f3 twisted sector is denoted by T a p. 



17 



TABLE 1 



Point Group 







Lattice 


Z 2 x Z 2 


(l,0,-l)/2 


(0,l,-l)/2 


50 (4) A3 


Z 3 x Z 3 


(l,0,-l)/3 


(0,l,-l)/3 


SC/(3)A3 


Z 2 x Z 4 


(l,0,-l)/2 


(0,l,-l)/4 


50(4) x 50(5)A2 


Z 4 x Z 4 


(l,0,-l)/4 


(0,l,-l)/4 


50(5)A3 


Z 2 x Z 6 


(l,0,-l)/2 


(0,l,-l)/6 


50(4) x G 2 A2 


Z 2 x Z' 6 


(l,0,-l)/2 


(l,l,-2)/6 


2 A3 


Z 3 x Z 6 


(1, 0, -l)/3 


(0,l,-l)/6 


517(3) x G 2 A2 


Z6 X Z6 


(l,0,-l)/6 


(0,l,-l)/6 


2 A3 



TABLE 2 



twisted sector 


Fixed point or torus 


I 


e 


^ei + ^e 2 + ^e 5 + ^ e 6 + a 3 e 3 + a 4 e 4 


n\e\ + n 2 e 2 + n 5 e 5 + n 6 e 6 




aiei + a 2 e 2 





uj\2 


-^f e 4 + ^-ee + a\e\ + a 2 e 2 


n 3 e 3 + n 5 e 5 


cjA3 


^e 3 + ^e 4 + ^fe 5 + ^e 6 + aid + a 2 e 2 


n 3 e 3 + n 4 e 4 + n 5 e 5 + n 6 e 6 


uj\A 


-^e 4 + ^-e6 + a\e\ + a 2 e 2 


-n 3 e 3 - n 5 e5 


u\h 


aiei + a 2 e 2 





6u 


ni n 2 
— T ei ~~ ~T 62 ~ lF ee 


niei + n 2 e 2 + n 5 e 5 


9u\2 


n\ no n 3 
— T Cl ~ ~T 62 ~ it 64 


niei + n 2 e 2 + n 3 e 3 


6oo\3 


ni , n 2 . n 3 . n 4 . . 
-^ei + -rf e 2 + ^e 3 + -£e± + 0565 + a6e6 


niei + n 2 e 2 + n 3 e 3 + n 4 e 4 
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TABLE 3 



twisted sector 


Action of 9 


Action of uj 


e 


I 


(715, tiq) — > (n 6 ,n 5 + tiq) 


uj 


I 


I 


uj\2 


us ~ri5 


(ri3,ri5) -> (-W3, -n 5 ) 


u)X5 


I 


(n3, 714, n5, ne) -> (713 + 714, n 3 , n 6 , 715 + n 6 ) 


uoXA 


n 5 -> -n 5 


(^3,^5) -> (-"3, -^5) 


uiXh 


I 


7 


9uj 




7 


0uj\2 


7 


713 -> -n 3 


9u\3 


7 


(713,714) -> (n 4 ,n 3 + n 4 ) 



TABLE 4 



Yukawa Coupling 


Ai 


A 2 


A 3 


1 7oiTi27i3 





/^(^3,P3,P4) 





; 7o2TnTl3 





/^(^3,P3,P4) 





: 703T10T13 











T04T10T12 










T04T11T11 





1 for n 3 (T 04 ) ^ 


2 for m 5 (Tii) - n 5 (T n ) ^ 


T05T10T11 








/^(^5,P5,Pe) 



19 



APPENDIX 



Z 2 x Z 2 Orbifold 
Lattice : £0(4) A3 



9 = (C(SO(4)), I, C(SO(4))), to = (I, C(SO(4)), C(SO(4))). 

The fixed tori and associated space group elements are given with the conventions 
of table 2 by 



twisted sector 


Fixed point or torus 


/ 


6 


^ei + ^e 2 + ^ e 5 + ^ e 6 + a 3 e 3 + a 4 e 4 


niei + n 2 e 2 + n 5 e 5 + n 6 e 6 


to 


^ e 3 + ^e 4 + ^ e 5 + ^ e 6 + aid + a 2 e 2 


n 3 e 3 + n 4 e 4 + 77,565 + n 6 ee 


Blo 


^ei + ^e 2 + ^ e 3 + ^ e 4 + a 5 e 5 + a 6 e 6 


n\e\ + n 2 e 2 + n 3 e 3 + n 4 e 4 



The only non-zero Yukawa couplings is ToiXioTn, where T a p denotes the 
OXacoXP twisted sector, and since no complex plane is twisted by all three twist 
fields there is no moduli dependence. 
Z 3 x Z 3 Orbifold 
Lattice SU(3)\3 
Already discussed in [12]. 

Z 2 x Z 4 Orbifold 

lattice S0(4) x £0(5) x SO (5) 

In the orthonormal basis, 





= -Xi, 


L0X X 


= x h 




= x 2 , 


toX 2 


= e\2ni/AX 2 , 




= -x 3 , 


10X3 


= e\-2iri/4X 3 
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In the lattice basis, 



9 = (C(SO(4)), I, CX2{SO(5))), u = (I, C(S0(5)), CX-l(SO(5))) 
so that 

9e\ = -ei, 6>e 3 = e 3 , 9e 5 = -e 5 , 

0e2 = — e 2 , = e4, #e6 = — e§ 

and 

wei = ei, cje 3 = e 3 + 2e 4 , u;e 5 = -e 5 - 2e 6 , 

we2 = e2, ^4 = — e 3 — e4, u;e6 = e$ + e6- 

The independent deformation parameters (moduli) are R\, R2, cos #12, -R 3 and -R5, 
where 

|ei| = i?i, |e2| = R2, \es\ = V2\e^\ = R3, \e^\ = V2\e 6 \ = R 5 , 



also, 



cos # 3 4 = cos ^56 = 7= 

V2 



with all other cos#y except cos 6*12 zero. A suitable choice of orthonormal basis 
ei, ...,ee is given by 

ei = i?iei, e 3 = ^3e 3 , e 5 = i? 5 e 5 , 

e2 = i?2(cos6>i 2 ei + sm6>i 2 e 2 ), e 4 = ^ (-e 3 + e 4 ), e 6 = ^ (-e 5 + e 6 ). 

The fixed points or tori and associated space group elements are given with the 
conventions of table 2 by 
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twisted sector 


Fixed point or torus 


/ 


e 


+ ^e 2 + ^ e 5 + ^ e 6 + a 3 e 3 + a 4 e 4 


niei + n 2 e 2 + rises + n§e§ 


UJ 


a\e\ + a 2 e 2 - ^e 3 + ^-e^ 


n 4 e 4 — neeg 


uo\2 


aid + a 2 e 2 + ^ e 3 + ^e 4 + ^e 5 + ^e 6 


^3e 3 + n 4 e 4 + n 5 e 5 + n 6 e 6 


u\3 


aiei + a 2 e 2 - ^e 3 + ^e 5 


— n 4 e 4 + n6e6 


6u 


-j-e\ + -rf e 2 - -fe 3 + -fe 5 


niei + n 2 e 2 + n 4 e 4 + uqCq 


6uj\2 


-^ei + -rf e 2 + -rfe 3 + -rfe 4 + 0565 + a 6 e6 


n\e\ + n 2 e 2 + n 3 e 3 + n 4 e 4 


9u\3 


n\ , no n 4 , ng 
-^ei + -rf e 2 - -r^e 3 + -rfe 5 


niei + n 2 e 2 + n 6 e6 - n 4 e 4 



The action of 9 and uj on the fixed points (or tori) is given by 



Twisted sector 


Action of 6? 


Action of uj 


e 


7 


n5 -+ n$ + uq 


, , , , \ O 
Uy . Uy /AO 


7 


I 


cjA2 


I 


(n3, n 5 ) -> (n 3 + 714, n 5 + n 6 ) 


#c<j, 0c<jA3 


I 


7 


#cjA2 


I 


n 3 — > n 3 + n 4 



The moduli dependent suppression factors for the non-zero Yukawa couplings 
amongst twisted sectors containing massless states written in the form eA— A 2 j_ii? 2 i_iA2/167r| 
are given by 



Yukawa Coupling 


Ai 


A 2 


A3 


T01T11T12 





P(«4,P3,P4) 





7o 2 7io7i 2 











^03^10^1 1 








p(n 6 ,P5,P&) 









P(n 6 ,p 5 ,p 6 ) 
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Z4 x Z4 Orbifold 

Lattice S0(5) x SO (5) x SO (5) 

In the orthonormal basis, 

6X1 = eX2m/4X h uX x = X h 

6X 2 = X 2 , coX 2 = e\2iri/4X 2 , 

6X 3 = e\-2m/4X 3 , uX 3 = e\-2m/4X 3 . 

In the lattice basis, 

6 = (C(SO(5)), I, CX-l(SO(5))), uj = (/, C(SO(5)), C\-l(SO(5))) 
so that 

9e\ = ei + 2e 2 , 9e 3 = e 3 , 6>e 5 = -e 5 - 2e 6 , 

#e 2 = - ei - e 2 , #e 4 = e 4 , #e 6 = e 5 + e 6 

and 

u;ei = ei, ue 3 = e 3 + 2e 4 , u;e5 = -e 5 - 2e6, 

= e2, ^4 = — e3 - e 4 , ucq = e$ + e6- 

The independent deformation parameters (moduli) are R\, R 3 and R5, where 
\ei\ = V2\e 2 \ = Ri, |e 3 | = v^M = -R 3 , |e 5 | = V2\e 6 \ = R 5 , 

also 

COS 012 = COS 6*34 = COS #56 = y= 

v2 

with all other cos#y zero. A suitable choice of orthonormal basis e\, e~§ is given 
by 

ei = R\e\, e 3 = i? 3 e 3 , = R^h, 

R\ f ~ ~ x #3/~ ~ x -^5/- ~ x 

e 2 = — 2~(ei-e 2 ;, e 4 = — — (e 3 -e 4 J, e 6 = — — (e 5 - e 6 J. 
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The fixed points or tori and associated space group elements are given with 
the conventions of table 2 by 



twisted sector 


Fixed point or torus 


/ 


e 


-^rei + V&ee, + 0363 + 0464 


n 2 e 2 + uqcq 




a\e\ + a 2 e 2 - ^3 + 


11464 + n6e6 


luX2 


aid + a 2 e 2 + ^e 3 + ^e 4 + ^e 5 + ^e 6 

Z Z Z Z 


n3e3 + 71464 + + n%e% 


uX3 


a\e\ + a 2 e 2 + -rre% — rfes 


11,464 + UqCq 


6uj 


-f ei - f e 3 + f e 5 + f e 6 

z z z z 


n 2 e 2 + 11464 + rise*, + uq6q 


6lu\2 


n 2 , n3 . n4 nR 

£> £1 £1 £> 


n 2 e 2 + ^464 + n3e 3 + n^eQ 


duX3 


-^rei + ^3 + 0565 + aee 6 


n 2 e 2 + n 4 e 4 


6X2 


^ei + ^e 2 + a 3 e 3 + a 4 e 4 + ^e 5 + ^ e 6 


niei + n 2 e 2 + n 5 e 5 + n 6 e 6 


6X3 


^ei + 0363 + 0464 - ^5 


n 2 e 2 + tiqcq 


e\2uj 


™1 „ 1 ™2 „ ™4 „ ^6 „ 

-^ei + -rf e 2 - -rfe3 - -^5 


n\e\ + n 2 e 2 + ri4e4 + hqcq 


6X2uX2 


^ei + ^e 2 + ^e 3 + ^e 4 + a 5 e 5 + a 6 e 6 


n\e\ + n 2 e 2 + ^3 + n4e4 


6X3u 


^fei - ^e 3 + a 5 e 5 + a 6 e 6 


n 2 e 2 + n 4 e 4 


6X2uX3 


-rfei + -rf e 2 + -^3 + ^e 5 


n\e\ + n 2 e 2 + ri4e4 + n6e6 


6X3uX2 


f ei + ^ e 3 + ^e 4 + f e 5 


n 2 e 2 + n3e3 + ri4e4 + n%e% 


6X3uX3 


f ei + ^e 3 + f e 5 + f e 6 


n 2 e 2 + n 4 e 4 + n 5 e 5 + n 6 e 6 
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The action of 6 and uo on the fixed points (or tori) is given by 



twisted sector 


Action of theta 


Action of omega 


6,6X3 


/ 


I 


to, u\3 


I 


I 


9\3u,9u\3 


I 


I 


6uj,6\3uj\3 


-> «5 + riQ 


n*> -> n 5 + n 6 


9lu\2, 9\3uj\2 


I 


^3 — >■ ^3 + "4 


9\2u, 9\2u\3 


n\ — > n\ + n,2 


7 


lu\2 


n5 -> n 5 + riQ 


(™3, n 5 ) -> (n 3 + ri4, n 5 + 7i 6 ) 


9X2 


(ni,n 5 ) -> (ni + n 2 ,n 5 + n 6 ) 


«5 -> n 5 + n 6 


9\2u\2 


ni — > m + 7i2 


^3 — >■ ™3 + 714 
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The moduli dependent suppression factors for the non-zero Yukawa couplings 
amongst twisted sectors containing massless states written in the form eA— A2i-i-R2i-iA2/167r| 
are given by 



Yukawa coupling 


Ai 


A 2 


A3 







P(^4,P3,P4) 





T01T13T30 











T01T21T22 





P(«4,P3,P4) 


j 


T02T11T31 





P(^4,P3,P4) 





T02T12T30 








p(n6,P5,Pe) 


T02T20T22 











T02T21T21 





P(«4,P3,P4) 


P(«6,P5,P6) 


T03T10T31 











T03T11T30 








p(n&,P5,P6) 


T03T20T21 








P(n 6 ,p 5 ,p 6 ) 


T10T12T22 


p(n 2 ,Pi,P2) 








T10T13T21 


p(n 2 ,pi,P2) 








T11T12T21 


p(n 2 ,pi,P2) 


p(n4,P3,P4) 




T11T11T22 


p(n 2 ,Pi,P2) 


p(n 4 , Ps,Pa) 





T11T13T20 


p(n 2 ,Pi,P2) 








T12T12T20 


p(n 2 ,pi,P2) 





p(^6,P5,Pe) 



2G 



Z 2 x Z 6 Orbifold 
Lattice SO (A) x G 2 X2 
Discussed in section 3. 
Z 2 x Z' 6 Orbifold 
Lattice G 2 X3 
In the orthonormal basis, 

9Xi = -Xi, uXi = e\2m/6Xi, 
6X 2 = X 2 , uX 2 = eX2m/QX 2 , 

9X 3 = -X 3 , cuX 3 = eX-2ni/3X 3 . 

In the lattice basis, 

6 = (CX3{G 2 ), /, CA3(G 2 )), w = (C{G 2 ), C(G 2 ), CX-2{G 2 )) 

so that 

0e\ = -ei, 9e s = e 3 , 9e 5 = -e 5 , 
9e 2 = —e 2 , 6e4 = e±, 9cq = —e§. 

and 

uei = -ei - e 2 , u;e 3 = -e 3 - e4, ves = + ee, 
ojc 2 = 3ei + 2e 2 , we4 = 3e 3 + 2e4, cues = — 3e§ — 2e§. 

The independent deformation parameters (moduli) are R\, i? 3 and R5, where 
|e 2 | = \/3|ei| = v^-Ri, |e 4 | = >/3|e3| = v^-fi^, |e 6 | = \/3|e5| = v^-Rs 

also, 

v^3 

cos ^12 = cos 6> 3 4 = cos 6*56 = — — 
with all other cos#y zero. A suitable choice of orthonormal basis ei, e6 is given 
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by 

e\ = Riei e 3 = R^es e$ = R$e<r> 

, 3_ V3„ 3_ v 7 ^ s D / 3 ~ \ 

e 2 = Ri{--ei - — e 2 ) e 4 = Rz(--e?, - — e 4 ) e 6 = R 5 {--e 5 - — e 6 ) 

The fixed points or tori and associated space group elements are given with the 
conventions of table 2 by 



Twisted sector 


Fixed point or torus 


7 

t 


9 


^ei + ^fe 2 + ^ e 5 + ^ e 6 + a 3 e 3 + a A e 4 


Tiiei + n 2 e 2 + n 5 e 5 + n 6 e 6 




^-e 6 


n 5 e 5 


lu\2 


n l Pn _ "3-,, _|_ ™5 Pc 


niei + n 3 e 3 - 


Ld\3 


711,712,713,714, , 

-^ei + -rf e2 + -rf e3 + -?f e 4 + ases + a6e6 


n\e\ + ri2e2 + n 3 e 3 + 71464 




3^2 - -3^4 + -^e 6 


-n\e\ - n 3 e 3 + n 5 e 5 




^-e 6 


-n 5 e 5 




ni 


niei 


9u\2 


— 3-e 4 


n 3 e 3 


6lu\3 


^fe 3 + ^e 4 + ^e 5 + ^e 6 + aiei + a 2 e 2 


^ 3 e 3 + n 4 e 4 + n 5 e 5 + n 6 e 6 


6lo\A 


^-e 4 


-n 3 e 3 


9u\5 


Til 

^e 2 


-niei 
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The action of and uo on the fixed points (or tori) is given by 



Twisted sector 


Action of 6 


Action of uj 


e 


I 


(ni, n2, n5, ne) — > (ni + 712, ni, 715 + 7i6, 715) 


cu, u\5 


™5 ->• -n 5 


7 


uj\2,lj\A 


(n3,n 5 ) -> (-n 3 , -n 5 ) 


(ni,n 3 ) -> (-m, -n 3 ) 


u\3 


7 


(ni, ri2, «3, ^4) — > (ni + ri2, ni, n 3 + 714, n 3 ) 


6u), 9u\5 


n\ — > — ni 


ni — > —Tii 


6u\2, OujXA 


7 


n 3 -> -7i 3 


9cu\3 


7 


(n 3 , n 4 , 715, n 6 ) -> (n 3 + 7i 4 , n 3 , n 5 + n 6 , n 5 ) 



The moduli dependent suppression factors for the non-zero Yukawa couplings 
amongst twisted sectors containing massless states are given in the conventions of 
table 4 by 



Yukawa 
Coupling 


Ai 


A 2 


A 3 


T01T02T03 


H(n 1 ,p 1 ,p 2 ) 


Kn3,P3,P4) 





ToiTnTu 


1 for ni (Tn) t^O 


1 for n 3 (Ti 4 ) ^ 


1 for n 5 (T i) ± 


T02T02TQ2 


2 for mi(T 02 ) -ni(T 02 ) 7^0 


2 for m 3 (T 02 )-n 3 (To 2 ) ^0 


2 for m 5 (To2) -n 5 (T 02 ) t^O 


7o27io7i4 


H(n 1 ,p 1 ,p 2 ) 





M™5,P5,P6) 


TQ2T11T13 







M™5,P5,Pe) 
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Z 3 x Z 6 Orbifold 
lattice SU(3) x G 2 A2 
In the orthonormal basis, 

9Xi = e\2m/3X 1 , 

9X 2 = X 2 , 

9X 3 = e\-2ni/3X 3 , 

In the lattice basis, 



00X2 = e\2m/6X 2 , 
wl 3 = eX-2ni/6X s . 



9 = (C(SU{3)), I, CA-2(G 2 )), u = (I, C(G 2 ), CX-1(G 2 )) 



so that 



0e\ = e 2 , 

9e 2 = —e\ - e 2 , 



9e 3 = es, 
9 64 = e4, 



and 



uei = ei, ue 3 = -e 3 - e^, 
uoe 2 = e 2 , uje4 = 3e 3 + 2e4, 



9e 5 = e 5 + e 6 , 
= — 3e5 — 2eQ. 

uje^ = 2e5 + e$, 
coe 6 = -3e 5 - e 6 . 



The independent deformation parameters (moduli) are R\, R 3 and R§, where 
|ei| = i?i, \e4 = V3~\e 3 \ = V3~R 3 , |e 6 | = v^lesl = v^^s 



e 2 



also, 



1 \/3 
cos6»i2 = --, cos 9 M = cos 6» 56 = — — 



with all other cos#y zero. A suitable choice of orthonormal basis ei, eQ is given 
by 



ei = -Riei, 



e 3 = i? 3 e 3 , 



e5 = i?5C5, 



e 2 = i?i(--ei + — e 2 ), e 4 = i^f-^ - ^-e 4 ), e 6 = i?5(--e 5 - — e 6 ). 

The fixed points or tori and associated group elements are given with the conven- 
tions of table 2 by 
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Twisted sector 


Fixed point or torus 


Z 


e 


^r(2ei + e 2 ) + ^-e^ + a 3 e 3 + a 4 e 4 


niei + uses 


6X2 


^r(2ei + e 2 ) + ^-ee + a 3 e 3 + a 4 e 4 


-niei - n 5 e 5 


oj 


a\e\ + a 2 e 2 





u\2 


-^f e 4 + ^£-e 6 + a\e\ + a 2 e 2 


n 3 e 3 + n^es 


u)X5 


^ e 3 + ^e 4 + ^e 5 + ^e 6 + aid + a 2 e 2 


W3e 3 + n 4 e 4 + n 5 e 5 + n 6 e 6 


uj\4 


-^f e 4 + ^-e6 + a\e\ + a 2 e 2 


-n 3 e 3 - n 5 e 5 


u\5 


aiei + a 2 e 2 





6u 


f (2e 1 + e 2 ) + f e 5 + f e 6 


niei + n 5 e5 + n6e6 


du\2 


f (2e 1 + e 2 )-f e 4 + f e 6 


niei + n 3 e 3 - 77,565 


6u\3 


f (2e 1 + e 2 ) + fe 3 + ^e 4 


niei + n 3 e 3 + n 4 e 4 


6lu\4 


^(2ei + e 2 ) - ^e 4 + 0565 + a6e6 


niei - n 3 e 3 


6u\5 


^(2e 1 + e 2 ) 


niei 


9\2u 


^(2ei + e 2 ) 


-niei 


9X2u\2 


f (2e 1 + e 2 )-fe 4 


-niei + n 3 e 3 


9X2u\3 


f (2e 1 + e 2 ) + f e 3 + ^e 4 


-niei + n 3 e 3 + n 4 e 4 


6\2uj\4: 


f (2e 1 + e 2 )-f e 4 + f e 6 


-niei - n 3 e 3 + n 5 e5 


e\2u\h 


f (2e 1 + e 2 ) + fe 5 + fe 6 


-niei + n 5 e 5 + n 6 e 6 
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The action of and uo on the fixed points (or tori) is given by 



Twisted sector 


Action of 9 


Action of uj 


9,9X2 


I 


715 — > — ri5 


to, tu\5 


I 


I 


uj\2,u\A 


I 


(^3)^5) - ^ (—^3,-^5) 


u\3 


(n 5 ,n 6 ) -> (n 5 + n 6 ,n 5 ) 


(713, 714, 7l 5 , ^6) -> (n 3 + 714, ™3, ™6, ™5 + ™6) 


9u,9\2co\5 


(n5,no) -> (n 5 + riQ,n 5 ) 


(715,716) -> {riQ,nr + 716) 


9lu\2, 9\2cu\A 


I 


(^3,^5) -> (-"3, -^5) 


9u\3,9\2u\3 


I 


(77,3,714) -> (n 3 + n 4 ,n 3 ) 


9u\4:, 9\2u\2 


I 


n 3 ->• -n 3 


9cu\5, 9\2u 


I 


7 
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The moduli dependent suppression factors for the non-zero Yukawa couplings 
amongst twisted sectors containing massless states are given in the conventions of 
table 4 by 



Yukawa 
Coupling 


Ai 


A 2 


A3 


201T13T22 





^(n 3 ,p 3 ,p4) 





701^14^21 





1 for n 3 (T 14 ) 7^ 





702^12722 





2 for m 3 (T 02 ) - n 3 (Ti 2 ) ^ 





T02T13T21 







1 for n 5 (T 02 ) ^ 


T02T14T20 











T03T11T22 





M n 3,P3,P4) 





T03T12T21 





M n 3,P3,P4) 




T03T13T20 










T04T10T22 











T04T1 1T21 





1 for n 3 (T 04 ) ± 


A*(^5,P5,P6) 


T04T12T20 








2 for m 5 (T 4) - ns(Ti 2 ) 7^ 


T05T10T21 








1 for n 5 (T 10 ) ^ 


T05T11T20 








^(^5,P5,P6) 


T10T12T14 


2 for mi(Tio) -ni(Ti 2 ) 7^0 








T10T13T13 


2 for m 1 (T 10 )-ni(T 13 )^0 





1 for n 5 (T 10 ) 7^ 


TnTnTu 


2 for mi(Tn)-ni(T n )^0 


1 for n 3 (T 14 ) ^ 





T11T12T13 


2 for mi(Tn) - m(T 12 ) ^0 


M™3,P3,P4) 


K n 5,P5,Pe) 


T12T12T12 


2 for mi(Ti2)-ni(Ti 2 )^0 


2 for m 3 (Ti 2 ) - n 3 (Ti 2 ) ^ 


2 for m 5 (Ti 2 ) - n 5 (Ti 2 ) 7^ 
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Z6 x Z6 Orbifold 

Lattice G 2 X3 

In the orthonormal basis, 

9Xi = eX2ni/6X 1 , uX x = X h 

9X 2 = X 2 , cuX 2 = eX2ni/6X 2 , 

9X 3 = eX-2ni/6X 3 , uX 3 = eX-2ni/6X 3 . 

In the lattice basis, 



so that 



9 = (C(G 2 ), I, CX-1(G 2 )), u = (/, C(G 2 ), CX-1(G 2 )) 

9e\ = -ei - e 2 , 9e 3 = e 3 , 9e 5 = 2e$ + e 6 , 
9e 2 = 3ei + 2e 2 , 9e 4 = 9e§ = — 3es — 



and 



ue\ = ei, ue 3 = -e 3 -e^ toe^ = 2e$ + e$, 
uje 2 = e 2 , ujt\ = 3e 3 + 2e 4 , ujcq = Se^ — e§. 
The independent deformation parameters (moduli) are R\, R 3 and R§, where 



e 2 



= V3\ei \ = VSRi, |e 4 | = V3\e 3 \ = V3R 3 , |e 6 | = \Z3|e 5 | = \/3R 5 



also, 

COS 9 12 = COS 6*34 = COS 6*56 = — — 

with all other cos#y zero. A suitable choice of orthonormal basis ei, eQ is given 
by 

e\ = R\ei, e 3 = R 3 e 3) e$ = R^h, 

e 2 = Ri(--ei - — e 2 ), e 4 = R 3 {--e 3 - —e^), e 6 = R 5 (--e 5 - —e 6 ). 

The fixed points or tori and associated space group elements are given with the 
conventions of table 2 by 
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Twisted sector 


Fixed point or torus 


Z 


e 


ase3 + «4e4 





6X2 


— + -^ee + a^es + a\e^ 


niei + n 5 e 5 


6X3 


^ei + ^e 2 + ^e 5 + ^e 6 + a 3 e 3 + a 4 e 4 


niei + n 2 e 2 + n 5 e 5 + n 6 e 6 


6X4 


-^e2 + ^-eg + a^es + a^e^ 


-niei - n 5 e5 


6X5 


a?>es + 







a\e\ + a2e2 





ujX2 


-^e 4 + ^£-e 6 + aiei + a 2 e 2 


^3 + n 5 e 5 


L)X3 


^ e 3 + ^e 4 + ^ e 5 + ^ e 6 + aid + a 2 e 2 


rc 3 e 3 + «4e4 + n$e5 + n&ee 


ujXA 


-^e4 + ^-e6 + aiei + a2e2 


-rises - n 5 e5 


u)Xh 


aiei + a 2 e 2 





6u 


fee 


n^ 


6uoX2 


-fe„ + fe 5 + fe 6 


nses + n^es + n 6 eQ 


6uX3 


n 3 „ i n 4 ^ i n 5 ^, 

+ -rf e 4 + -3^6 


rises + me^ - n^es 


6loX4 


X 4 


-rises 


6uX5 


0565 + a6e6 





6X2u 


— 3^2 + -rpes + -if CQ 


n\e\ + n5e5 + n§eQ 


6X2uX2 


— 3 L e 2 - -ge± + -^e 6 


niei + rises - n 5 e 5 


6X2uX3 


n\ ,723 . n,4 
— 3 L e2 + -j-e 3 + -r^e 4 


niei + uses + n^e^ 


6X2uX4 


- ^-e 4 + a 5 e5 + a 6 e 6 


niei - uses 


6X2uX5 




niei 


6X3u 


^ei + f e 2 + f e 6 


niei + n 2 e 2 - n 5 e 5 


6X3uX2 


ni . n2 n-x 
-fe\ + -rf e 2 - -3 4 e 4 


niei + n2e2 + n3e3 


6X3ujX3 


^ei + ^e 2 + ^e 3 + ^ e 4 + a 5 e 5 + a 6 e 6 


niei + n2e2 + n3e3 + n4e4 



Continued on next page 
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6X3uXA 


n\ , no n 3 
-j-e\ + -fe 2 - -fe^ 


niei + n 2 62 — n^es 


9X3cuX5 


ni , no , . rip, 
-fe\ + -fe 2 + -fe 5 + -fe & 


n\e\ + n 2 e2 + n^e^ + n§eQ 




n\ 
-^-e 2 


-niei 


6X4ujX2 


-f e 2 - f e4 + ases + fl6e6 


-niei + n 3 e 3 


6X4luX3 


ni , n% , n4 

3^2 + -rf e 3 + ^ e 4 


-niei + n3e3 + 72464 


eXAcoXA 


-f e 2 - f e 4 + fe 6 


-niei - n 3 e 3 + n 5 e 5 


6X4ujX5 


-f e 2 + f e 5 + fee 


-niei + n 5 e 5 + n 6 e 6 


exhuj 


0565 + ^6 





6XhujX2 




723 e3 


9X5coX3 


n 3„ i ™4„ i 

-?fe3 + -^4 + -3^6 


77,363 + 77,464 + n^ 


9X5uX4: 


n% , 7T-5 , 726 

— 3^ e 4 + "jf e 5 + -j-ee 


-n 3 e 3 + n 5 e 5 + n 6 e 6 


9X5uX5 


^-e 6 
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The action of and uo on the fixed points (or tori) is given by 



twisted 
sector 


Action of 6 


Action of 


e,o\b 


I 


/ 


6X2,6X4 


(n-\ . n^) — > ( — tii . — n^) 


Tic; — ► — Tlx, 


6X3 


(n-\ . n r >. nz,. tip.) — > (ni 4- no. 771 . tip.. ti<^ + ttr) 


(ti<^. tip.) — > (tip. 4- tip) 


• uj, uX5 


I 


I 


ujX2, ujX4 


o 


(ti^.tik) — ► (— riQ, — tik) 


&X3 


(n^. tip) — > (tik* 4- tip,) 


(tI^. 77zL. Tl^. 77fi) — ► f 77,q + TlA. Til. TIP. Tl^ + 77.fi) 


6cu,6X5ujX5 


72^ — > — Tlx. 


Tl^ — > — Tl^ 


6luX2, 6X5ljXA 


(n^, no) — > (np., + no) 


fn^!, fit;, nfi) — > (—Til, Tip, 71c, + rip) 


6uX3,6X5ujX3 




fri^. 72/l. n^) — > friQ + tia. ?t,q. — n^) 


dcoXA, 6XhuoX2 


I 




6ujX5,6X5uj 


I 


I 


6X2lu, 6XAujX5 


(ni , n^, tip) — > (—ni , rip. riz, + Tip.) 


(llK, Tip) — > — > (lip, TlK + Tip) 


6X2uX2, 6X4uX4: 


(111,115) — > (—711,-775) 


(773,715) — > (—773,-775) 


6X2uX3, 6X4luX3 


ni — > — ni 


(773,774) -> (773 + 774,773) 


6X2uX4:, 6X4uX2 


ni — > — n\ 


773 -773 


6X2uoXh, dXAto 


ni — > —n\ 


/ 


9X3uj,9X3luX5 


(77,1,712,77,5) -> (ni + n 2 ,ni, -775) 


775 -> -775 


6X3uX2,6X3uXA 


(ni,n 2 ) -> (ni +n 2 ,ni) 


7^3 -> -"-3 


6X3uX3 


(ni,n 2 ) -> (ni +n 2 ,ni) 


(773,774) -»• (773+774,773) 



The moduli dependent suppression factors for the non-zero Yukawa couplings 
amongst twisted sectors containing massless states are given in the conventions of 
table 4 by 
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Yukawa Coupling 


Ai 


A 2 


A3 


T01T14T51 





1 for n 3 (T u ) + 
















T01T23T42 





M«3,P3,P4) 





T01T24T41 





1 for n 3 (T 24 ) + 





^01^32^33 





M™3,P3,P4) 





702^13^51 





M™3,P3,P4) 





T02T14T50 








1 for n 5 (r 2) + 


T02T22T42 





2 for m 3 (To 2 ) -n 3 (T 22 ) ^0 





T02T23T41 





M™3,P3,P4) 


1 for n 5 (T 02 ) + 


T02T24T40 











702731^33 





^(^3,P3,P4) 





T02T32T32 





2 for m 3 (To2)-n 3 (T32) ^0 


1 for n 5 (T 02 ) ^ 


T03T12T51 





M n 3,P3,P4) 





^03^13^50 










T03T21T42 





/^(^3,P3,P4) 





T03T22T41 





M™3,P3,P4) 


M™5,P5,Pe) 


T03T23T40 










T03T30T33 











T03T31T32 





M«3,P3,P4) 


M«5,P5,P6) 


T04T11T51 





1 for n 3 (T 04 ) + 





T04T12T50 










T04T20T42 











T04T21T41 





1 for n 3 (T 04 ) ^ 


K n 5,P5,P6) 


T04T22T40 








2 for n 5 (T 04 ) -n 5 (T 22 ) ^0 



Continued on next page 
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T04T30T32 










^05^10^51 











^05^11^50 








lfor n 5 (T n )^0 


^05^20^41 








1 for n 5 (T 20 ) ^ 


T05T21T40 










^05^30^31 










T10T14T42 


1 for ni(T 42 ) ^0 








^10^15^41 


1 for ni(T 4 i) ^ 








710^23^33 


fi(n 1 ,p 1 ,p 2 ) 








T10T24T32 


H(n 1 ,p 1 ,p 2 ) 








T\\TizT/\2 


1 for ni(T 42 ) ^0 


M n 3,P3,P4) 





T11T14T41 


1 for m (T41) ^ 


1 for n 3 (Ti 4 ) + 


1 for n 5 (Tn) ^ 


T11T15T40 


1 for m(T 40 ) ^0 








T11T22T33 


n(ni,pi,P2) 


M«3,P3,P4) 





T11T23T32 


H(ni,pi,p2) 


M n 3,P3,P4) 


1 for n 5 (T n ) ^ 


T11T24T31 


H(n 1 ,p 1 ,p 2 ) 


1 for n 3 (T 24 ) + 





T12T12T42 


1 for m(T 42 ) ^0 


2 for m 3 (Ti2)-n 3 (Ti2) ^0 





T12T13T41 


1 for m(T 4 i) ^ 


M n 3,P3,P4) 


Kn 5 ,P5,Pe) 


T12T14T40 


lfor n!(T 40 )^0 







T12T21T33 


Li(n 1 ,p 1 ,p 2 ) 


/^(^3,P3,P4) 





T12T22T32 


n(ni,p2,P2) 


2 for m 3 (Ti 2 ) -n 3 (T 22 ) ^0 


^(«5,P5,P6) 


^12^23^31 


fi(ni,pi,p2) 


/^(^3,P3,P4) 




T12T24T30 


H(n 1 ,p 1 ,p 2 ) 








713T13T40 


1 for ni(T 40 ) ^0 





2 for 7715 (T13) -n 5 (Ti 3 ) ^ 


^13^20^33 


A*(«l»Pl»P2) 









Continued on next page 
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T13T21T32 


fi(ni,pi,p2) 


M™3,P3,P4) 




T13T22T31 


H(ni,pi,p2) 


A*(W3,P3,P4) 


2 for m 5 (T 2 2) - n 5 (T 13 ) ^ 


T13T23T30 


p(ni,Pi,P2) 





M n 5,P5,P6) 


T14T20T32 







1 for n 5 (T 20 ) 7^ 


T14T21T31 


H(ni,pi,p2) 


1 for n 3 (Ti 4 ) ^ 




T14T22T30 









^15^20^31 


V(n 1 ,p 1 ,p 2 ) 








^15^21^30 


Kni,p 1 ,p 2 ) 








T20T22T24 


2 for mi(T 2 o)-ni(T 2 2)^0 








720^23^23 


2 for mi(T 2 o)-ni(T 2 3)^0 


1 for n 3 (T 20 ) ± 





^21^2 1^24 


2 for mi(r 2 i)-ni(T 2 i)^0 


1 for n 3 (T 24 ) ^ 





T21T22T23 


2 for mi(T2i) - ni(722) 7^ 


/^(^3,P3,P4) 


^(^5,P5,P6) 


T22T22T22 


2 for mi(r 22 ) -ni(T 22 ) ^ 


2 for m 3 (T 22 ) -n 3 (T 22 ) ^ 


2 for m 5 (T 2 2) -n 5 (T 22 ) ^ 
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